We have performed self-consistent calculations for first and second row atoms using a variant of density-functional theory, the optimized effective potential method, with an approximation due to Krieger, Li and Iafrate and a correlationenergy functional developed by Colle and Salvetti. The mean absolute deviation of first-row atomic ground-state energies from the exact non-relativistic values is 4.7 mH in our scheme, as compared to 4.5 mH in a recent configurationinteraction calculation. The proposed scheme is significantly more accurate than the conventional Kohn-Sham method while the numerical effort involved is about the same as for an ordinary Hartree-Fock calculation.
Introduction
Since the development of modern density-functional theory (DFT) by Hohenberg, Kohn and Sham [1, 2] the accurate treatment of exchange and correlation (xc) poses a major challenge. Although there exist quite a number of approximations for the xc-energy functional [3, 4, 5, 6, 7, 8, 9] , which give rather good results [10, 11] , the need for further improvement is undisputable.
In conventional DFT the xc energy E xc is approximated by explicit functionals of the density ρ. The local density approximation (LDA) [6] and the generalized gradient approximations (GGA) [7, 8, 9] fall in this category. However, there exists another approach within the framework of DFT, the so-called optimized effective potential (OEP) method first suggested by Sharp and Horton [12] and refined by Talman and Shadwick [13] . In this approach, the total energy (atomic units are used throughout)
is a functional of N = N ↑ + N ↓ spin orbitals ϕ jσ resulting from a single-particle Schrödinger equation with a local effective potential:
The optimized effective potential, V OEP σ (r), is determined by the condition that its orbitals be the ones that minimize the energy functional (1) . The stationarity condition δE 
Given an approximation of E xc [{ϕ jσ }], the first derivative in the integrand of equation (4) is easily computed from equation (1) . To obtain a more accessible form of the second derivative in equation (4) , one may use perturbation theory for an infinitesimal perturbing potential δV σ (r) to get
Insertion of the functional derivative of (1) and equation (5) into equation (4), leads, via the one-particle equation (2) , to the following integral equation:
and
We emphasize that from a fundamental point of view the total-energy functional (1) is identical with the Hohenberg-Kohn energy functional
of conventional spin-DFT: By virtue of the Hohenberg-Kohn theorem for noninteracting systems, the spin orbitals ϕ jσ are functionals of the spin densities ρ σ so that
In other words, the orbital functional (1) is an implicit density functional. If the (unknown) exact xc functional were used in equation (1) then the optimized effective potential determined by equation (6) would be the exact Kohn-Sham potential. Any approximation of E xc in equation (1), on the other hand, leads to an approximate Kohn-Sham potential.
There are three non-trivial density functionals contributing to the HohenbergKohn-total-energy functional (9): the non-interacting kinetic energy functional
is approximated by an LDA, one obtains the ThomasFermi model. The transition from Thomas-Fermi to modern Kohn-Sham theory is equivalent to replacing the approximate LDA functional by the exact orbital representation
The transition from standard Kohn-Sham theory to the OEP method can be viewed in much the same way: While in ordinary Kohn-Sham theory the exchangeenergy functional is approximated by LDA or GGA-type functionals such as the one due to Becke [8] , the OEP method allows one to employ the exact orbital representation
of the Kohn-Sham-exchange-energy functional 1 , which leads, by virtue of equation (3), to the variationally best local exchange potential V OEP xσ (r). Of particular importance is the fact that V OEP xσ (r) is manifestly self-interaction free. Of course, the correlation part E c [ρ ↑ , ρ ↓ ] still has to be approximated, but even for E c [ρ ↑ , ρ ↓ ] the representation in terms of orbitals allows more flexibility in the construction of approximate functionals. In particular, V OEP xcσ (r) is currently the only approximate xc potential featuring the required discontinuities as a function of the particle number N σ [18] .
The full OEP method, however, has a serious drawback: The solution of the integral equation (6) is numerically very involved. Recently, Krieger, Li and Iafrate [18, 19] have proposed an approximation (which we will refer to as KLI) to the OEP integral equation (6) , in which V OEP σ (r) is essentially obtained from the solution of two linear (N σ × N σ ) equations. They also showed that in the x-only case, the results of the KLI approximation [18, 19, 20] are nearly identical with those of the exact x-only OEP-method [21, 22, 23] . In addition, the KLI approximation preserves all of the important advantages of the exact OEP method, such as the correct asymptotic − 1 r decay of V OEP (r) and the discontinuities of V OEP xcσ (r) as a function of the particle number. So far, the KLI approximation has been used exclusively in the x-only limit. In this letter, we present the first KLI calculations which include correlation effects. From the various available correlation-energy functionals we choose the one developed by Colle and Salvetti [24, 25] . This orbital-dependent functional gives correlation energies within a few percent of exact values if Hartree-Fock orbitals are inserted. The transformed version of it, the density functional of 1 The so-called Kohn-Sham-exchange-energy functional [23] is distinguished from the Hartree-Fock exchange energy expression by the fact that the orbitals in (12) come from a local single particle potential. It is this restriction to local potentials that allows one to establish the Hohenberg-Kohn 1-1 correspondence between densities and potentials which implies that the orbitals in equation (12) and thus E x and E c are implicit functionals of the densities. If the restriction to local potentials is dropped, then only a 1-1 mapping between (non-local) potentials w(r, r ′ ) and one-particle-density matrices ρ(r, r ′ ) can be established [14] . In this formalism Hartree-Fock exchange is treated exactly but the correlation energy becomes a functional of the density matrix rather than the density, which can lead to a N -representability problem [15] . For the density, on the other hand, N -representability is always satisfied [16, 17] . Therefore the restriction to local potentials and densities (rather than non-local potentials and density matrices) is essential.
Lee, Yang and Parr [9] , has been shown to perform very well in self-consistent calculations [26] , especially in connection with an exchange energy functional proposed by Becke [8] .
Theory
In order to find an approximate solution to the OEP integral equation (6), Krieger, Li and Iafrate started from the Slater exchange potential [27] , given by
where E xσ for σ =↑, ↓ represents the spin-up and spin-down contribution, respectively, to the right-hand side of equation (12) . KLI [18] argue that a generalized form of this potential, which differs from equation (13) only through orbital dependent constants C iσ added to u xiσ (r), should yield a better approximation than Slater's formula. Moreover, they were able to show through a series of manipulations [19] , that the exact V OEP xcσ (r) may be -up to within a small term they neglected -cast into a form similar to (13) , namely
where the constants V OEP xciσ −ū xciσ are the solution of the linear equation
with
u xcjσ denotes the average value of u xcjσ (r) taken over the density of the jσ orbital, i.e.ū xcjσ = ρ jσ (r)u xcjσ (r)dr (20) and similarly forV S xcσ . The indices in equation (17) run over all occupied orbitals except the one corresponding to the highest single-particle energy eigenvalue ε N σ . If the highest occupied orbital is degenerate all orbitals with the energy ε N σ are excluded from the linear equation (17) .
Splitting the exchange-correlation energy E xc , as above, into an exchange and a correlation part, the exchange part (12) leads via equation (7) to the following expression for u xjσ :
The correlation part, E c , within the approximation by Colle and Salvetti [24, 25] , is given by [9] 
where
ξ(r) = ρ(r)
The constants a, b, c and d are given by
Performing the functional derivative with respect to the one-particle orbitals, one obtains for u cjσ (r)
whereσ denotes the spin projection opposite to σ, i.e.σ =↑ if σ =↓ and vice versa.
In the numerical calculations, equation (16) is solved self-consistently together with the local one-particle equation
Results
Equation (27) is solved by expanding the single-particle orbitals in spherical harmonics. The resulting equation for the radial part of the wave functions is then solved numerically. The main features of the code are as described in Ref. 28 . For comparison, we have also performed calculations using the conventional Kohn-Sham method with two of the best standard exchange-correlation energy functionals. The first one of these is the exchange-energy functional by Becke [8] combined with the correlation-energy functional by Lee, Yang and Parr [9] , referred to as BLYP. The other is the generalized gradient approximation by Perdew and Wang [7] , referred to as PW91. Table 1 shows the total absolute ground-state energies of the first-row atoms. For these atoms, there exist accurate estimates of the exact non-relativistic values obtained from experimental ionisation energies and improved ab initio calculations by Davidson et al. [30] . It is evident from the Table, that the density functional methods perform quite well. The mean absolute errors,△, given in the last row of Table 1 , clearly show that the present approach is significantly more accurate than the conventional Kohn-Sham method and nearly as accurate as recent CI results by Montgomery et al. [29] . The situation is similar for second-row atoms, as can be seen from Table 2 . As the relativistic effects Table 3 , the values of E x and E c separately. The data show two main features: First, the results for E x are lowest for our method and highest for PW91, while the BLYP-values lie somewhere in between. And second, for E c , this trend is reversed, as now our results are highest and the ones from BLYP and PW91 are lower in nearly all cases. In Table 4 we show results of various x-only calculations performed with only the exchange-energy parts of the respective functionals. For the spherical atoms listed, there exist exact x-only OEP values [22, 23] . It is evident, that the KLI-approximation gives values much closer to the exact ones than the generalized gradient approximations. From this and from Table 3 one may conclude that in the BLYP and PW91 schemes an error cancellation between exchange and correlation energies occurs which leads to rather good total energies. Exchange and correlation energies separately, however, are poorly reproduced in the BLYP and PW91 approaches. By contrast, in our scheme, both exchange and correlation energies are of high Limitations of the three DFT approaches studied here become evident for ionisation potentials and electron affinities. In Table 5 we show ionisation potentials calculated from ground-state-energy differences and CI values from Ref. 29 as well as experimental ones from Ref. 31 . The performance of the three DFT methods is about the same, while the CI approach leads to clearly better results. Somewhat surprisingly, the DFT methods work better for the second-row than for the first-row atoms.
In exact DFT, the highest occupied orbital energy of the neutral atom is identical with the ionisation potential, while for negative ions the highest occupied energy level coincides with the electron affinity of the neutral atom [32] . How well ionisation potentials and electron affinities are reproduced by the highest occupied energy eigenvalues resulting from an approximate xc functional is therefore a measure of the quality of the functional. Table 6 shows the ionisation potentials obtained from the highest occupied single-particle-energy eigenvalue of the neutral atoms. The resulting values are worse than the ones in Table 5 . While the deviation from experiment resulting from the BLYP and PW91 functionals is around 100 percent for all atoms, it is at most 10 percent in our approach. This is due to the fact that in our approach the xc potential has the correct − 1 r asymptotic behaviour for large r which is not properly reproduced with the BLYP and PW91 functionals.
For electron affinities, the situation is much worse, as may be seen from Table  7 . First of all, because of the wrong asymptotic behaviour of the xc potential for large r, there is no convergence for negative ions within the self-consistent BLYP and PW91 schemes. This is not the case for our approach. However, the resulting electron affinities obtained either from ground-state-energy differences 
Conclusions
We have studied a novel density-functional scheme combining the KLI approximation for the optimized effective potential with the correlation-energy functional of Colle and Salvetti. The total ground-state energies obtained with this method for first and second-row atoms are significantly more accurate than the ones from the standard BLYP and PW91 schemes and only slightly less accurate than recent CI calculations. Error cancellations between exchange and correlation energies, well known to be present in the standard LDA, BLYP and PW91 functionals are not found for the new scheme. Therefore, both exchange and correlation energies The calculated atomic ionisation potentials are in satisfactory agreement with experiment but clearly inferior to CI results. If the ionisation potentials are calculated by taking ground-state-energy differences, the performance of the three DFT schemes is about the same. If, on the other hand, the ionisation potentials are calculated from the highest occupied orbital energy the new scheme is clearly superior to the BLYP and PW91 schemes. Percentage deviations are better by roughly an order of magnitude. This can be explained by the fact that the KLI approximation preserves the correct asymptotic − 1 r behaviour of the exact KohnSham exchange potential while the BLYP and PW91 functionals are deficient in this respect. For the same reason, negative ions are not bound in the BLYP and PW91 self-consistent schemes so that electron affinities cannot be obtained, whereas the new scheme allows the calculation of these quantities. The calculated values, however, are not very reliable in comparison with experimental data and CI results. This clearly shows the need of further improving the correlationenergy functional. Work along these lines is in progress.
We finally emphasize that the numerical effort involved in the proposed scheme is only marginally higher than that of an ordinary Hartree-Fock calculation, whereas all the principles of standard DFT are preserved. We therefore expect that our approach can be used with great success in chemical studies of more complex and larger systems, improving the results [10, 11] obtained with the ordinary Kohn-Sham method.
